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Abstract
Given a group word w in k variables, a finite group G and g ∈ G, we
consider the number Nw,G(g) of k-tuples g1, . . . , gk of elements of G such
that w(g1, . . . , gk) = g. In this work we study the functions Nw,G for
the class of nilpotent groups of nilpotency class 2. We show that, for
the groups in this class, Nw,G(1) ≥ |G|k−1, an inequality that can be
improved to Nw,G(1) ≥ |G|k/|Gw| (Gw is the set of values taken by w on
G) if G has odd order. This last result is explained by the fact that the
functions Nw,G are characters of G in this case. For groups of even order,
all that can be said is that Nw,G is a generalized character, something
that is false in general for groups of nilpotency class greater than 2. We
characterize group theoretically when Nxn,G is a character if G is a 2-
group of nilpotency class 2. Finally we also address the (much harder)
problem of studying if Nw,G(g) ≥ |G|k−1 for g ∈ Gw, proving that this is
the case for the free p-groups of nilpotency class 2 and exponent p.
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1 Introduction
Given a group word w in k variables x1, . . . , xk, that is an element in the free group
Fk on x1, . . . , xk, we can define for any k elements g1, . . . , gk in a group G the element
w(g1, . . . , gk) ∈ G by applying to w the group homomorphism from Fk to G sending xi to
gi. For G a finite group and g ∈ G we consider the number
Nw,G(g) = |{(g1, . . . , gk) ∈ G(k) | w(g1, . . . , gk) = g}|. (1)
(G(k) denotes the k-fold cartesian product of G with itself.) So Nw,G(g) can be thought
of as the number of solutions of the equation w = g. The set of word values of w on G,
i. e., the set of elements g ∈ G such that the equation w = g has a solution in G(k), is
denoted Gw.
There is an extensive literature on the functions Nw,G, sometimes expressed in terms
of the probabilistic distribution Pw,G = Nw,G/|G|k. For example Nikolov and Segal gave
in [9] a characterization of the finite nilpotent (and also solvable) groups based on these
probabilities: G is nilpotent if and only if infw,g Pw,G(g) > p
−|G|, where w and g range
over all words and Gw, respectively, and p is the largest prime dividing |G|. One of
the implications is easy: if G is not nilpotent the infimum is in fact zero. Indeed, we
can consider the k-th left-normed lower central word γk = [[[x1, x2], x3], ..., xk]. Since
G is not nilpotent, there exists some non-trivial element g ∈ Gγk (for any k). Since
γk(g1, . . . , gk) = 1 if some gi = 1, we have that Pγk,G(g) ≤ (|G| − 1)k/|G|k, which can be
made arbitrarily small. On the other hand the estimation Pw,G(g) > p
−|G| for g ∈ Gw
seems to be far from sharp and Amit in an unpublished work has conjectured that if G is
nilpotent, Pw,G(1) ≥ 1/|G|.
We prefer to give our results in terms of the functions Nw,G. In this paper we focus our
attention on finite nilpotent groups of nilpotency class 2, which we take to be p-groups
right from the outset, so all the results quoted here are referred to this family of groups.
In Section 2 we consider a natural equivalence relation for words that enable us to assume
that they have a special simple form. Then it is not difficult to prove Amit’s conjecture
Nw,G(1) ≥ |G|k−1 for w ∈ Fk. This result has been proved independently by Levy in
[6] using a similar procedure, although our approach to the concept of word equivalence
is different. In the next two sections we show that the functions Nw,G are generalized
characters, a result that is false for nilpotent groups of nilpotency class greater than 2,
and even more, if G has odd order, they are genuine characters. In particular we obtain an
improvement of Amit’s conjectured bound, namely, Nw,G(1) ≥ |G|k/|Gw|. For 2-groups,
there are easy examples where Nx2,G fails to be a character and we actually characterize
group-theoretically when this happens for the power words w = xn (always within the
class of nilpotent 2-groups of nilpotency class 2). In the last section we consider briefly the
conjecture Nw,G(g) ≥ |G|k−1 for w ∈ Fk and g ∈ Gw. This problem is much harder than
the case g = 1 and only some partial results have been obtained, for instance confirming
the conjecture if G is a free nilpotent p-group of nilpotency class 2 and exponent p.
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2 Words in p-groups of nilpotency class 2
Since we are going to work with p-groups of nilpotency class 2, it is more convenient for
us to define a word in the variables x1, . . . , xk as an element in the free pro-p group of
nilpotency class 2 on the variables x1, . . . , xk, Fk. Thus, if w ∈ Fk is a word, it can be
represented in a unique way as
w = xz11 . . . x
zk
k
∏
1≤i<j≤k
[xi, xj ]
zij ,
where the exponents zl, zij are p-adic integers. Of course, if G is a finite p-group (or pro-p
group) of nilpotency class 2 and g1, . . . , gk ∈ G, it makes sense to evaluate w on g1, . . . , gk
by applying the homomorphism pi : Fk −→ G given by xi 7→ gi. As in the introduction,
we denote this element w(g1, . . . , gk) and define the function Nw = Nw,G by (1).
If σ is an automorphism of Fk, σ is determined by the images of the generators
x1, . . . , xk, which we denote w1, . . . , wk. Then the image of w ∈ Fk is the word w(w1, . . . , wk),
the result of evaluating w on w1, . . . , wk. Since σ is an automorphism, there exist
w′1, . . . , w
′
k ∈ Fk such that w′i(w1, . . . , wk) = xi, 1 ≤ i ≤ k, and the inverse automorphism
is given by xi 7→ w′i. If G is a finite p-group (or pro-p group) of nilpotency class 2, we can
define the map ϕ : G(k) −→ G(k) by ϕ(g1, . . . , gk) = (w1(g1, . . . , gk), . . . , wk(g1, . . . , gk))
and it is clear that this map is a bijection with the inverse map given by (g1, . . . , gk) 7→
(w′1(g1, . . . , gk), . . . , w
′
k(g1, . . . , gk)). If w
′ = w(w1, . . . , wk), it is clear that w
′(g1, . . . , gk) =
g if and only if w(ϕ(g1, . . . , gk)) = g, thus ϕ is a bijection between the solutions of w
′ = g
and w = g and in partic ular, Nw,G = Nw′,G.
Definition 2.1. We will say that two words w,w′ ∈ Fk are equivalent if they belong to
the same orbit under the action of the automorphism group of Fk.
Therefore we have proved the following result.
Proposition 2.1. If w,w′ ∈ Fk are two equivalent words, Nw,G = Nw′,G for any finite
p-group G of nilpotency class 2.
Next we want to find a set of representatives of the equivalence classes of words. There
are natural homomorphisms
Aut(Fk)։ Aut(Fk/F
′
k)
∼= GLk(Zp)→ Aut(F ′k), (2)
where the composite map is the restriction. For the middle isomorphism, given an au-
tomorphism, we write the coordinates of the images of the vectors in a basis of the
Zp-module Fk/F
′
k
∼= Z(k)p as rows of the corresponding matrix. The last homomorphism
comes from the identification of F ′k with the exterior square of Fk/F
′
k. More explicitly,
we identify F ′k with the additive group of the k × k antisymmetric matrices over Zp, Ak,
via w =
∏
i<j[xi, xj ]
zij 7→ A, where A ∈ Ak has entries zij for 1 ≤ i < j ≤ k. Then,
if X ∈ GLk(Zp), the action of X on Ak is given by A 7→ X tAX . This action is better
understood if we interpret A as an alternating bilinear form on the free Zp-module Z
(k)
p .
Notice however that, under a change of basis, the matrix A is now transformed into PAP t,
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where P is the matrix associated to the change of basis, writing the coordinates of the
vectors in the new basis as rows of P .
We start by analyzing the action of GLk(Zp) and the affine subgroup
Affk−1(Zp) =
{(
1 0
ut X
)
| u ∈ Z(k−1)p , X ∈ GLk−1(Zp)
}
(t means transposition), on Ak, giving a set of representatives of the orbits. The result
about the action of GLk(Zp) generalizes naturally if we replace Zp by any principal ideal
domain (see for example [8, Theorem IV.1]), but a more elaborate proof is required. For
completeness we include a proof here that takes advantage of the fact that Zp is a discrete
valuation ring and can be later adapted to the case when the acting group is Affk−1(Zp).
Lemma 2.2. (i) Each orbit of the action of GLk(Zp) on Ak contains a unique block
diagonal matrix with diagonal non-zero blocks psiH, H =
(
0 1
−1 0
)
, 1 ≤ i ≤ r and
0 ≤ s1 ≤ · · · ≤ sr (0 ≤ r ≤ k/2).
(ii) Each orbit of the action of the affine group Affk−1(Zp) on Ak contains a unique
tridiagonal matrix A (that is, all the entries aij of A with |i − j| > 1 are zero)
with the non-zero entries above the main diagonal ai,i+1 = p
si, 1 ≤ i ≤ r, and
0 ≤ s1 ≤ s2 ≤ · · · ≤ sr (0 ≤ r < k).
Proof. Given A in Ak, we consider a basis {e1, . . . , ek} (for instance, the canonical basis)
in the free Zp-module Z
(k)
p and the alternating bilinear form ( , ) defined by the matrix
A with respect to this basis. There is nothing to prove if A is the zero matrix, so we
can suppose that (ei, ej) 6= 0 for some 1 ≤ i < j ≤ k and we can assume that its p-adic
valuation is minimum among the valuations of all the (non-zero) (er, es). After reordering
the basis, we can suppose that i = 1 and j = 2 and moreover, by multiplying e1 or e2
by a p-adic unit, we can suppose that (e1, e2) = p
s1 for some s1 ≥ 0. Notice that any
(non-zero) (u, v) has p-adic valuation greater than or equal to ps1 .
Now for each i ≥ 3 we set e′i = ei + αie1 + βie2, where αi, βi ∈ Zp are chosen so that
(e′i, e1) = (e
′
i, e2) = 0. The elements αi, βi exist because the valuation of (e1, e2) is less than
or equal to the valuations of (ei, e2) and (ei, e1). By replacing ei by e
′
i we can suppose that
〈e1, e2〉 is orthogonal to 〈e3, . . . , ek〉. Proceeding inductively, we obtain a basis {e′1, . . . , e′k}
such that, for some 0 ≤ r ≤ k/2, the subspaces 〈e′2i−1, e′2i〉 are pairwise orthogonal for
1 ≤ i ≤ r, the remaining vectors are in the kernel of the form and (e′2i−1, e′2i) = psi,
1 ≤ i ≤ r, with 0 ≤ s1 ≤ · · · ≤ sr. It is clear that with respect to this new basis the
matrix associated to the form ( , ) has the desired form.
To prove uniqueness suppose that A and A′ are block diagonal matrices with (non-zero)
diagonal blocks ps1H, . . . , psrH , 0 ≤ s1 ≤ · · · ≤ sr, and ps′1H, . . . , ps′tH , 0 ≤ s′1 ≤ · · · ≤ s′t,
respectively, and A′ = X tAX for some X ∈ GLk(Zp). The matrices A, A′ and X can be
viewed as endomorphisms of the abelian groups Rn = (Z/p
nZ)(k), n ≥ 1. Since X defines
in fact an automorphism of Rn the image subgroups of A and A
′ (as endomorphisms of
Rn) have the same order. For A this order is p
2s, where s =
∑
si≤n
(n− si), and similarly
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for A′. We conclude that, for any n ≥ 1, ∑si≤n(n − si) = ∑s′i≤n(n − s′i), whence r = t
and si = s
′
i for all 1 ≤ i ≤ r, that is, A = A′.
For the existence part in (ii) we have to show that, given an alternating form ( , )
on Z
(k)
p and a basis {e1, . . . , ek}, there exists another basis {e′1, . . . , e′k} such that e′1 ∈
e1 + 〈e2, . . . , ek〉, 〈e′2, . . . , e′k〉 = 〈e2, . . . , ek〉 and (e′i, e′j) = 0 for |i− j| > 1, (ei, ei+1) = psi,
0 ≤ s1 ≤ · · · ≤ sr, (ei, ei+1) = 0, r < i < k. We can suppose that ( , ) is not the
trivial form and then consider the minimum valuation s1 of all the (non-zero) (ei, ej).
If this minimum is attained for some (e1, ej) we interchange e2 and ej . Otherwise this
minimum is attained for some (ei, ej), 2 ≤ i < j ≤ k and (e1+ ei, ej) has still valuation s1
(because the valuation of (e1, ej) is strictly greater than s1). By replacing e1 by e1 + ei,
interchanging e2 and ej, and adjusting units, we can suppose that (e1, e2) = p
s1. Now we
can replace ei, i geq3, by e
′
i = ei + αie2, where αi is chosen so that (e1, e
′
i) = 0. Thus we
can assume (e1, ei) = 0 for i ≥ 3. Now we iterate the procedure with the basis elements
e2, . . . , ek.
We prove uniqueness with a similar counting argument as in (i) but this time con-
sidering the order of the images of the subgroup of Rn, Sn = {0} × (Z/pnZ)(k−1). So
we assume that A′ = X tAX with A and A′ as in (ii) and X ∈ Affk−1(Zp). Notice that,
as an automorphism of Rn, X fixes Sn, so the images of Sn by A and A
′ must have the
same order. These orders are ps and ps
′
, where s =
∑
si≤n
(n− si) and similarly for s′, so
s = s′ and, since this must happen for any n ≥ 1, it follows that si = s′i for all i, that is,
A = A′.
Proposition 2.3. The following words are a system of representatives of the action of
AutFk on Fk:
[x1, x2]
ps1 . . . [x2r−1, x2r]
psr , 0 ≤ r ≤ k/2, 0 ≤ s1 ≤ · · · ≤ sr, (3)
xp
s1
1 [x1, x2]
ps2 [x2, x3]
ps3 . . . [xr−1, xr]
psr , 1 ≤ r ≤ k, s1 ≥ 0, 0 ≤ s2 ≤ · · · ≤ sr. (4)
Proof. As explained above, the action of AutFk on F
′
k can be suitably identified with the
action of GLk(Zp) on Ak, thus it follows directly from the part (i) of the previous lemma
that the words (3) are representatives for the orbits contained in F ′k.
Now suppose w ∈ Fk\F ′k. Then w = (xz11 . . . xzkk )p
s1
∏
1≤i<j≤k[xi, xj ]
zij , where s1 ≥ 0
and some zi is a p-adic unit. After applying the inverse of the automorphism x1 7→
xz11 . . . x
zk
k , xi 7→ x1, xj 7→ xj , for j 6= 1, i, we can assume that xz11 . . . xzkk = x1. Now
we consider the action of the stabilizer of x1, Autx1 Fk. The image of this subgroup by
the first map in (2) is Affk−1(Zp), so we can identify the action of Autx1 Fk on F
′
k with
the action of Affk−1(Zp) on Ak. It follows from Lemma 2.2 (ii) that w is equivalent to
a word in (4). Notice also that if w′ = σ(w) for two of these words w and w′ and some
σ ∈ AutFk, it would follow by passing to Fk/F ′k that σ(x1)p
s1 = xp
s′1
1 . Since σ induces
automorphisms of (Fk/F
′
k)
ps and this chain of subg roups of Fk/F
′
k is strictly decreasing,
we conclude that s1 = s
′
1. But Fk/F
′
k is torsion-free, so σ fixes x1, that is, σ(x1) = x1z
for some z ∈ F ′k. Composing σ with the automorphism x1 7→ x1z−1, xi 7→ xi, i ≥ 2, we
can suppose that σ ∈ Autx1 Fk. Thus, the two matrices in Ak associated to x−p
s1
1 w and
x−p
s1
1 w
′ are in the same orbit by Affk−1(Zp), and so they coincide by Lemma 2.2 (ii). We
conclude that w = w′.
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Theorem 2.4. Let G be a finite p-group of nilpotency class 2 and w a word in k variables.
Then Nw(1) ≥ |G|k−1.
Proof. We can suppose that w is as in the last proposition. Write k0 = ⌊k/2⌋ and fix
g2, g4 . . . , g2k0 ∈ G. Then the mapG′×G(k−k0−1) −→ G′ given by (x1, x3, . . . , x2(k−k0)−1) 7→
w(x1, g2, x3, . . . ) is a group homomorphism whose kernel has size at least |G|k−k0−1. Since
there are |G|k0 choices for g2, g4, . . . , g2k0, we get at least |G|k−1 solutions to the equation
w(x1, . . . , xk) = 1.
3 The functions Nw from a character-theoretical point
of view
In this section, unless otherwise stated, we consider an arbitrary finite group G and a
word w that is thought now as an element in the free group with, say, free generators
x1, . . . , xk. The function Nw = Nw,G is of course a class function, so it can be written as
a linear combination of the irreducible characters of G:
Nw =
∑
χ∈Irr(G)
Nχwχ, (5)
where
Nχw = (Nw, χ) =
1
|G|
∑
g∈G
Nw(g)χ(g) =
1
|G|
∑
(g1,...,gk)∈G(k)
χ(w(g1, . . . , gk)). (6)
It is a natural question to study when the function Nw is a character of G. Notice that
in this case Nw(g) ≤ Nw(1) for any element g ∈ G, so Nw(1) will be at least the average
of the non-zero values of the function Nw, that is
Nw(1) ≥ 1|Gw|
∑
g∈Gw
Nw(g) =
|G|k
|Gw| , (7)
which of course improves the bound conjectured by Amit, Nw(1) ≥ |G|k−1.
It is easy to find examples where Nw is not a character. Probably the simplest is
Q8, the quaternion group of order 8, and w = x
2: Nx2,Q8(1) = 2 but Nx2,Q8(z) = 6
for the unique involution z ∈ Q8. For p odd we can construct a p analogue to Q8 as
G = 〈g1, . . . , gp−1〉⋊〈gp〉/〈gpp−1g−pp 〉, where 〈g1, . . . , gp−1〉 ∼= Cp×· · ·×Cp×Cp2, 〈gp〉 ∼= Cp2
(Cn denotes a cyclic group of order n) and g
gp
i = gigi+1, 1 ≤ i < p − 2, ggpp−2 = gp−2gpp−1
and g
gp
p−1 = gp−1g
−1
1 . It can be checked that Nxp,G(1) = p
p−1 but Nxp,G(z) = p
p + pp−1 for
any non-trivial element z ∈ Z(G) = Gxp = 〈gpp〉. Notice that |G| = pp+1 and this is the
smallest order for which Nxp,G can fail to be a character, since p-groups of order at most
pp are regular and, for regular p-groups, Nxp,G is the regular character of G/G
p. Also, for
the quaternion group and its p analogues, (7) is false. However, it is a well known result
that in general the functions Nxn,G are generalized characters (i. e., Z-linear combinations
of irreducible characters), see [4, Problem 4.7].
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For words w in more than one variable the situation is different and there are examples
of groups G and words w where Nw,G is not a generalized character, even among nilpotent
groups. As for non-solvable examples one can take G = PSL2(11) and the 2-Engel word
w = [x, y, y] (see [10] for another choice of w). Then the coefficients Nχw for the two
irreducible characters χ of degree 12 are 305 ± 23√5. More examples can be obtained
using the following result by A. Lubotzky [7]: if G is a simple group and 1 ∈ A ⊆ G is
a subset invariant under the group of automorphisms of G, then A = Gw for some word
w in two variables. Notice that if A contains an element a such that ai 6∈ A, for some
i coprime with the order of a, then Nw(a
i) = 0 but Nw(a) 6= 0, something that cannot
happen if Nw is a generalized character.
Examples of p-groups where Nw is not a generalized character are provided by the
free p-groups of nilpotency class 4 and exponent p with p > 2 and p ≡ 1 (mod 4) and
w = [x, y, x, y] (which settles in the negative a question of Parzanchevski who had asked
if the functions Nw were always generalized characters for solvable or nilpotent groups).
We realize these groups as as 1 + J , where J = I/I4 and I is the ideal generated by X
and Y in the algebra of the polynomials in the non-commuting indeterminates X and Y
with coefficients in Fp. If x = 1 + X and y = 1 + Y and u = [x, y, x, y], then certainly
u ∈ Gw but we claim that if i is not a quadratic residue modulo p, then ui 6∈ Gw (so
Nw(u) 6= 0 but Nw(ui) = 0). Indeed, one can check directly (or by appealing to the Lazard
correspondence, but in this case, only for p > 3, see [5, §10.2]) that γ4(G) = 1 + γ4(J),
where γ4(J) is the fourth term in the descending central series of the Lie algebra J . Now
ui ∈ Gw if and only if
i[X, Y,X, Y ] = [aX + bY, cX + dY, aX + bY, cX + dY ]
for some a, b, c, d ∈ Fp, and one can see that this equation has no solution if i is not a
quadratic residue modulo p.
In contrast to the previous example, we shall show that the functions Nw are always
generalized characters for p-groups of nilpotency class 2 and, in the next section, that
they are actually genuine characters for odd p. Before that we recall briefly that for some
words w the functions Nw are known to be characters for any group, notably, for the
commutator word w = [x, y] (this is basically [4, Problem 3.10]). This classical result due
to Frobenius can be extended in various ways: when w is an admissible word (i. e., a word
in which all the variables appear exactly twice, once with exponent 1 and once with −1)
[3] or when w = [w′, y], where y is a variable which does not occur in w′ (so in particular,
for γk = [x1, x2, . . . , xk], the k-th left-normed lower central word) [12]. It is also clear that
if Nw and Nw′ are characters (or generalized characters), so is Nww′ if w and w
′ have no
common variables. The reason is of course that Nww′ = Nw ∗ Nw′ is the convolution of
the two functions Nw and Nw′. More information in this direction is given in [10].
As promised we finish this section by proving that the functions Nw are generalized
characters for p-groups of nilpotency class 2. We give first a characterization of when Nw
is a generalized character. We have already used before that a necessary condition is that
Nw(g) = Nw(g
i) for any i coprime with the order of g and we are going to see that this
condition is in fact sufficient. The proof is standard once we know that the coefficients Nχw
in (5) are algebraic integers (as Amit and Vishne point out in [1] this follows immediately
from (6) and the result of Solomon’s in [11] that Nw(g) is always a multiple of |CG(g)|).
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Lemma 3.1. Let G be a group and w a word. Then Nw = Nw,G is a generalized character
of G if and only if Nw(g) = Nw(g
i) for any g ∈ G and i coprime with the order of G.
Proof. We only need to prove sufficiency. Since the coefficients Nχw are algebraic integers
it suffices to see that they are rational numbers. But, by elementary character and Galois
theory, if f is a rational-valued class function of a group G, f is a Q-linear combination
of irreducible characters if and only if f(g) = f(gi) for any g ∈ G and i coprime with the
order of G. Indeed, if f =
∑
χ∈Irr(G) aχχ with aχ ∈ Q, and σ is the automorphism of the
cyclotomic extension Q(ε)/Q sending ε to εi, where ε is a primitive |G|-th root of unity,
we have
f(g) = f(g)σ =
∑
χ∈Irr(G)
aχχ
σ(g) =
∑
χ∈Irr(G)
aχχ(g
i) = f(gi).
And conversely, if f(g) = f(gi),
f(g) = f(g)σ
−1
= f(gi)σ
−1
= (
∑
χ∈Irr(G)
aχχ(g
i))σ
−1
=
∑
χ∈Irr(G)
aσ
−1
χ χ(g).
By the linear independence of the irreducible characters, we conclude that aχ = a
σ−1
χ for
any automorphism σ, so aχ ∈ Q.
Theorem 3.2. Let G be a p-group of nilpotency class 2 and w a word. Then the function
Nw = Nw,G is a generalized character of G.
Proof. By Proposition 2.3 we can suppose that w has the form (3) or (4). Now we observe
that, if i is not a multiple of p, the map (g1, g2, . . . , gk) 7→ (gi1, g2, gi3, . . . ) is a bijection
from the set of solutions of w = g to the set of solutions of w = gi, so in particular
Nw(g) = Nw(g
i) and the result follows from the previous lemma.
4 The functions Nw for odd p-groups of nilpotency
class 2
The goal of this section is to show that Nw,G is a genuine character of a p-group G of
nilpotency class 2 if p is odd. We begin with a general result.
Lemma 4.1. Let χ ∈ Irr(G) with kernel K and w a word in k variables. Then Nχw =
|K|k−1Nχw,G/K, where χ is the character of G/K defined naturally by χ.
Proof. We have
Nχw = (Nw, χ) = (N˜w, χ)G/K ,
where N˜w is the average function defined by N˜w(g) =
1
|K|
∑
n∈K Nw(gn) viewed as a
function on G/K. As such a function it is clear that N˜w = |K|k−1Nw,G/K , so the result is
clear.
We assume now that G is a p-group of nilpotency class 2. The following technical
result characterizes when Nw is a character.
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Lemma 4.2. Let G be a p-group of nilpotency class 2. Then Nw is a character of G
if and only if for any (non-trivial) epimorphic image of G, say G1, with cyclic center,
Nw,G1(1) ≥ Nw,G1(z), where z is a central element of G1 of order p.
Proof. By Theorem 3.2 we know that Nw is a generalized character, that is, all the
numbers Nχw are integers, so Nw is a character of G if and only if these numbers are
non-negative.
We recall that a group G with a faithful irreducible character χ has cyclic center. We
claim that if G is a p-group of nilpotency class 2 and χ is a faithful irreducible character
then Nχw ≥ 0 if and only if Nw(1) ≥ Nw(z), where z ∈ Z(G) = Z has order p. Indeed, it
is well known that χ(1)χ = ηG, where η is a (faithful) linear character of Z(χ) = Z (see
for instance [4, Theorem 2.31 and Problem 6.3]). Then
Nχw =
1
χ(1)
(Nw, η
G) =
1
χ(1)
(Nw |Z , η)Z .
If the order of Z is pr and z1 is a generator with z = z
pr−1
1 we have
(Nw|Z , η)Z =
1
|Z|
∑
0<i≤pr
Nw(z
i
1)ε
i =
1
|Z|
∑
0≤j≤r
Nw(z
pj
1 )(
∑
0<i≤pr−j
(p,i)=1
(εp
j
)
i
), (8)
where ε = η(z1) is a primitive p
r-th root of unity and we have used Lemma 3.1 for the
second equality. Notice that the innermost sum of (8) is the sum of all the primitive
pr−j-th roots of unity, which is always zero except in the cases pr−j = 1 or p, when it is 1
or −1, respectively. We conclude that
(Nw|Z , η)Z =
1
|Z|(Nw(1)−Nw(z
pr−1
1 ) =
1
|Z|(Nw(1)−Nw(z))
and our claim follows.
Now we prove the sufficiency part in the lemma. Let χ ∈ Irr(G), K = ker(χ) and
G1 = G/K. Of course we can suppose that χ 6= 1G (because N1Gw = |G|k−1 ≥ 0, k is
the number of variables of w). By hypothesis Nw,G1(1) ≥ Nw,G1(z), where z is a central
element of G1 of order p. We can view χ as a faithful character χ of G1 and then our
previous claim implies that Nχw,G1 ≥ 0. By Lemma 4.1, Nχw ≥ 0, which shows that Nw is
a character.
Conversely, suppose that Nw is a character, that is, all the numbers N
χ
w are non-
negative, and consider an epimorphic image G1 = G/N with cyclic center and a central
element z ∈ G1 of order p. Then G has an irreducible character χ with kernel N that
is faithful when considered as a character χ of G1. Since N
χ
w ≥ 0, again by Lemma 4.1,
Nχw,G1 ≥ 0 and, by our initial claim, the inequality Nw,G1(1) ≥ Nw,G1(z) follows.
Theorem 4.3. Let G be a p-group of nilpotency class 2, p odd, and w a word. Then Nw
is a character of G.
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Proof. By the last result it suffices to show that if G has cyclic center Z and z ∈ Z has
order p, Nw(1) ≥ Nw(z). Also we can assume that w has the form (4) (if w is as in (3),
skip the next two paragraphs).
If Zp
s1 6= 1, we can write z = zps11 for some z1 ∈ Z and then the map (g1, g2, . . . , gk) 7→
(g1z1, g2, . . . , gk) is a bijection between the sets of solutions of w = 1 and w = z, so
Nw(1) = Nw(z).
Now we suppose that Zp
s1 = 1 and notice that, since G has nilpotency class 2 and p
is odd,
(xy)p
s1 = xp
s1yp
s1 [y, x](
ps1
2 ) = xp
s1yp
s1 . (9)
Therefore if we fix g2, g4, · · · ∈ G, the map (g1, g3, . . . ) 7→ w(g1, g2, . . . , gk) is a group
homomorphism ϕg2,g4,.... Obviously there is a bijection between the kernel of this homo-
morphism and the set of solutions of w = 1 with x2i = g2i. As for the solutions of w = z
with x2i = g2i, either this set is empty or else its elements are in one-to-one correspon-
dence with the elements in a coset of the kernel of ϕg2,g4,.... In any case, considering only
solutions with x2i = g2i, the number of solutions of w = 1 is greater than or equal to the
number of solutions of w = z. Varying g2, g4,. . . , we conclude Nw(1) ≥ Nw(z), as desired.
5 The functions Nxn for 2-groups of nilpotency class
2
In this section we study the functions Nxn for 2-groups of nilpotency class 2 and char-
acterize when this function is a character. As we already pointed out in Section 3, the
function Nx2, Q8 is not a character and in fact for each r ≥ 1 we can define a 2-group Q23r
of order 23r, which is the usual quaternion group Q8 when r = 1, such that Nx2r,Q23r is not
a character. We shall see that this group is in some sense involved in G whenever Nx2r, G is
not a character. We shall also need to introduce another family of groups, denoted D23r ,
that, for r = 1, is the usual dihedral group of order 8.
Definition 5.1. Let r ≥ 1. We define the quasi dihedral and quasi quaternion group,
D23r and Q23r , as
D23r = 〈x, z1, y | x2r = z2r1 = y2
r
= 1, [x, z1] = 1, [x, y] = z1, [z1, y] = 1〉,
Q23r = 〈x, z1, y | z2r1 = 1, x2
r
= z2
r−1
1 = y
2r , [x, z1] = 1, [x, y] = z1, [z1, y] = 1〉.
One can check that, if G = D23r or Q23r , G has order 23r, exponent 2r+1 and G′ =
Z(G) = 〈z1〉 is cyclic of order 2r. Moreover, if z = z2r−11 is the central involution, in the
(quasi) dihedral case Nx2r (1) = 3× 23r−2 and Nx2r (z) = 23r−2, whereas in the quaternion
case the numbers are in the reverse order: Nx2r (1) = 2
3r−2 and Nx2r (z) = 3× 23r−2 (and
so Nx2r is not a character of Q23r).
If T and H are 2-groups with cyclic center and |Z(T )| ≤ |Z(H)|, we shall denote T ∗H
the central product of T and H with Z(T ) amalgamated with the corresponding subgroup
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of Z(H). Notice that if all the generators of Z(T ) are in the same orbit under the action
of the automorphism group of T (or if a similar situation holds in H), the group T ∗H
is unique up to isomorphism and this is what happens if T = D23r or Q23r . Also, for a
p-group G, Ωr(G) is the subgroup generated by the elements of order at most p
r.
Lemma 5.1. Let G be a 2-group of nilpotency class 2 and cyclic center Z of order 2r.
Suppose that Ωr+1(G)
′ = Z. Then G = T ∗H, where T is isomorphic to D23r or Q23r .
Proof. Since G has nilpotency class 2, Ωr+1(G)
′ is generated by the commutators of ele-
ments of order at most 2r+1 and it is cyclic, because it is contained in Z, which is cyclic,
so it is generated by one of these commutators, say [x, y]. The orders of x and y have to
be 2r or 2r+1 (because [x, y] has order 2r). If both have order 2r it is clear that T = 〈x, y〉
is isomorphic to D23r and, if both have order 2r+1, is isomorphic to Q23r (notice that
G2
r ⊆ Z, so x2r = y2r). On the other hand, if one is of order 2r and the other of order
2r+1, their product has order 2r and T is isomorphic to D23r again.
Now it suffices to check that G = TCG(T ) (because obviously T ∩ CG(T ) = Z(T )
has order 2r, and so is the center of G). Indeed, the conjugacy class of x has order
|[x,G]| = |G′| = |Z| = pr and the same for y, so
|G : CG(T )| = |G : CG(x) ∩ CG(y)| ≤ |G : CG(x)||G : CG(y)| = 22r.
But
|TCG(T ) : CG(T )| = |T : T ∩ CG(T )| = |T : Z| = 22r,
so G = TCG(T ), as claimed.
One can check that, as it happens with the usual dihedral and quaternion groups,
D23r ∗ D23r and Q23r ∗Q23r are isomorphic. Using this result and iterating Lemma 5.1 we
get the following.
Proposition 5.2. Let G be a 2-group of nilpotency class 2 and cyclic center Z of order
2r. Then G is isomorphic to a group D23r∗ n. . . ∗D23r ∗ H or D23r∗ n. . . ∗D23r ∗ Q23r ∗ H,
n ≥ 0, where H has cyclic center of order 2r and Ωr+1(H)′ is properly contained in the
center of H.
Now suppose that G = T ∗H , where T = D23r or Q23r and H is a 2-group of nilpotency
class 2 and cyclic center of order 2r. For any g ∈ T , g2r = 1 or z, thus if h ∈ H , (gh)2r = 1
if and only if g2
r
= h2
r
= 1 or z. Similarly, (gh)2
r
= z if and only if g2
r
= 1 and h2
r
= z
or the other way round. This means that
Nx2r, G(1) = (Nx2r, T (1)Nx2r, H(1) +Nx2r, T (z)Nx2r,H(z))/2
r
Nx2r, G(z) = (Nx2r, T (1)Nx2r, H(z) +Nx2r, T (z)Nx2r,H(1))/2
r,
whence
Nx2r, G(1) = 2
2r−2(3Nx2r,H(1) +Nx2r,H(z)) or 2
2r−2(Nx2r,H(1) + 3Nx2r,H(z))
Nx2r, G(z) = 2
2r−2(3Nx2r,H(z) +Nx2r,H(1)) or 2
2r−2(Nx2r,H(z) + 3Nx2r,H(1)),
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depending on whether T = D23r or Q23r , respectively. It follows that, in the former
case, Nx2r, G(1) ≥ Nx2r, G(z) if and only if Nx2r,H(1) ≥ Nx2r,H(z) but, in the latter case, this
holds if and only ifNx2r,H(1) ≤ Nx2r,H(z) (and the same equivalences hold if inequalities are
replaced by equalities). The same happens if T = D23r∗ n. . . ∗D23r or D23r∗ n. . . ∗D23r ∗Q23r ,
n ≥ 0. The combination of this with Proposition 5.2 basically reduces our problem to the
groups G with Ωr+1(G)
′ properly contained in the center, which is the situation considered
in the next lemma.
Lemma 5.3. Let G be a 2-group of nilpotency class 2 and cyclic center of order 2r
and let z be the unique central involution. Suppose that Ωr+1(G)
′ is properly contained
in Z = Z(G). Then Nx2r (1) > Nx2r (z) if and only if G has exponent 2
r. Otherwise
Nx2r (1) = Nx2r (z).
Proof. Since (G′)2
r ⊆ Z2r = 1, raising to the 2r+1-th power is a group endomorphism
of G by (9) and Ωr+1(G) = {x ∈ G | x2r+1 = 1}. Moreover, Ωr+1(G)′ is contained in
Z2, so (Ωr+1(G)
′)2
r−1
= 1 and raising to the 2r-th power is a group endomorphism of
Ωr+1(G) with kernel Ωr(G) = {x ∈ G | x2r = 1}. It is clear now that Nx2r (1) = |Ωr(G)|
and Nx2r (z) = |Ωr+1(G)| − |Ωr(G)| (for any element x in Ωr+1(G)\Ωr(G), x2r is a central
involution, so it is z), so Nx2r (1) > Nx2r (z) if and only if |Ωr+1(G) : Ωr(G)| < 2, that
is Ωr+1(G) = Ωr(G) = G, i. e., G has exponent 2
r. Otherwise 1 6= Ωr+1(G)2r = {x2r |
x ∈ Ωr+1(G)}, thus z ∈ Ωr+1(G)2r is in the image of the 2r-th power endomorphism of
Ωr+1(G) and Nx2r (z) = |Ωr(G)| = Nx2r (1).
Proposition 5.4. Let G be a 2-group of nilpotency class 2, cyclic center of order 2r and
central involution z. Then Nx2r (1) < Nx2r (z) if and only if G is isomorphic to a group
D23r∗ n. . . ∗D23r ∗Q23r ∗H, n ≥ 0, where H has cyclic center of order 2r and exponent 2r.
Proof. By Proposition 5.2, G has two possible decompositions as a central product with
one factor H satisfying the hypotheses of Lemma 5.3. If Q23r does not occur in the
decomposition of G, we know that Nx2r (1) < Nx2r (z) if and only if Nx2r,H(1) < Nx2r,H(z),
something that, according to Lemma 5.3, never happens. Therefore Q23r does occur in
the decomposition of G. In this case, we know that Nx2r (1) < Nx2r (z) if and only if
Nx2r,H(1) > Nx2r,H(z), which, by Lemma 5.3, is equivalent to H having exponent 2
r.
It is not difficult to classify the groups H in the previous proposition.
Lemma 5.5. Let H be a 2-group of nilpotency class 2, cyclic center of order 2r and
exponent 2r. Then H ∼= D23r1 ∗ · · · ∗ D23rn ∗ C2r with r1 ≤ · · · ≤ rn < r.
Proof. The result is trivially true if H is abelian, so suppose H ′ = 〈[x, y]〉 6= 1 has order
2s. Since (xy)2
r
= 1, (9) yields s < r. The elements x2
s
and y2
s
are central with orders
at most 2r−s, so they lie in 〈z2s1 〉, where Z(H) = 〈z1〉, and, for suitable i and j, xzi1 and
yzj1 have order exactly 2
s. By replacing x and y by these elements, we can suppose that
T = 〈x, y〉 ∼= D23s . Arguing as in the last part of the proof of Lemma 5.1, H = TCH(T )
and T ∩ CH(T ) = Z(T ) is cyclic of order 2s. Since Z(H) ≤ CH(T ), the hypotheses still
hold in CH(T ), so we can apply induction.
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The last two results show that, with the hypotheses of Proposition 5.4, Nx2r (1) <
Nx2r (z) if and only if G ∼= D23r1 ∗ · · · ∗ D23rn ∗ Q23r , n ≥ 0, r1 ≤ · · · ≤ rn ≤ r. Notice
simply that the cyclic factor of H is absorbed by Q23r .
Theorem 5.6. Let G be a 2-group of nilpotency class 2. Then Nx2r is a character of G
if and only if G has no epimorphic image isomorphic to D23r1 ∗ · · · ∗ D23rn ∗ Q23r , n ≥ 0,
r1 ≤ · · · ≤ rn ≤ r.
Proof. If G has an epimorphic image G1 of the indicated type, then by the last remark,
Nx2r, G1(1) < Nx2r, G1(z) (z is the central involution of G1) and, by Lemma 4.2, Nx2r is
not a character of G. Conversely, if Nx2r is not a character of G, by the same lemma,
G has an epimorphic image G1 with cyclic center such that Nx2r, G1(1) < Nx2r, G1(z). We
claim that the center Z of G1 has order 2
r (and then, again by the last remark, G1 is the
desired epimorphic image). The map x 7→ x2r cannot be a group endomorphism of G1
(this would immediately imply that either Nx2r, G1(z) = 0 or else Nx2r, G1(1) = Nx2r, G1(z)),
hence (G′1)
2r−1 6= 1 and Z2r−1 6= 1, that is |Z| ≥ 2r (here Z is the center of G1). If
|Z| > 2r, z = z2r1 for some z1 ∈ Z and then Nx2r, G1(1) = Nx2r, G1(z) because x 7→ xz1 maps
bijectively the solutions of x2
r
= 1 to the solutions of x2
r
= z. Thus |Z| = 2r and the
proof is complete.
6 p-groups with central Frattini subgroup
In this section we consider a d-generated p-group G such that Φ(G) ≤ Z(G), that is, G
has nilpotency class 2 and elementary abelian derived subgroup. We shall show that for
the words wk = [x1, x2] . . . [x2k−1, x2k], with k ≥ d0 = ⌊d/2⌋,
Nwk(g) ≥ |G|2k−1 for all g ∈ Gwk . (10)
For k = 1, (10) can be easily proved for any p-group of nilpotency class 2. Indeed, if
g = [x, y], we can multiply x by any element commuting with y and y by any central
element, thus Nw1(g) ≥ |CG(y)||Z(G)| = |G||Z(G) : [y,G]| ≥ |G|.
If V = G/Φ(G), viewed as a vector space over Fp, there is a natural surjective linear
map pi from
∧2 = ∧2 V , the exterior square of V , onto G′ given by x ∧ y 7→ [x, y]. For a
fixed ω ∈ ∧2 and k ≥ 0, it is then natural to consider the number Nwk(ω) = Nwk,V (ω) of
solutions in V (2k) of the equation
wk(x1, . . . , x2k) = x1 ∧ x2 + · · ·+ x2k−1 ∧ x2k = ω. (11)
The set of values of wk, that is, the set {wk(v1, . . . , v2k) | vi ∈ V } ⊆
∧2 will be denoted
simply
∧2
wk
.
Similarly as in Section 2, if we fix a basis {e1, . . . , ed} of V there is a one-to-one
correspondence between
∧2 and Ad, the set of d × d antisymmetric matrices over the
field Fp, given by
∑
1≤i<j≤d aij(ei ∧ ej) 7→ A, where A ∈ Ad has entries aij for 1 ≤ i <
j ≤ d. Then solving (11) amounts to solving the matrix equation X tJkX = A, where X
represents a 2k×d matrix, Jk is the 2k×2k block diagonal matrix with repeated diagonal
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block
(
0 1
−1 0
)
and A ∈ Ad. Moreover, the number of solutions only depends on the
rank of A, so there is no loss to assume that A =
(
Jr 0
0 0
)
with r ≤ k (otherwise there
are no solutions). This number, which is denoted N(K2k, Kd,2r) in [13], was originally
considered by Carlitz [2] and later on by other authors (see [13]). If ω ∈ ∧2wr \∧2wr−1, the
corresponding antisymmetric matrix A has rank 2r, so the number N(K2k, Kd,2r) is, in
our notation, Nwk(ω). An explicit formula for this number is given in [13, Theorems 3,4,
5] that, for r ≤ k ≤ d0 = ⌊d/2⌋, can be written as
N(K2k, Kd,2r) = p
r(2k−r)
k∏
i=k−r+1
(p2i − 1)
k−r∑
j=0
p(
j
2)
[
d− 2r
j
]
p
k−r∏
i=k−r−j+1
(p2i − 1), (12)
where
[
n
j
]
p
= (pn − 1) . . . (pn−j+1 − 1)/(pj − 1) . . . (p− 1) for j > 0 and
[
n
0
]
p
= 1. If we
just consider in (12) the summand corresponding to j = k − r we get the inequality
N(K2k, Kd,2r) ≥ pr(2k−r)
k∏
i=1
(p2i − 1)p(k−r2 )
[
d− 2r
k − r
]
p
. (13)
But
∏k
i=1(p
2i − 1) > ∏ki=1 p2i−1 = pk2 , and
[
n
j
]
p
> (
∏n
i=n−j+1 p
i−1)/(
∏j
i=1 p
i) = pnj,
therefore
N(K2k, Kd,2r) > p
r(2k−r)+k2+(k−r2 )+(d−2r)(k−r).
The quadratic function of r in the exponent of p in this formula is decreasing in the
interval 0 ≤ r ≤ k, so we conclude that
Nwk(ω) = N(K2k, Kd,2r) > p
2k2 for any ω ∈ ∧2wk . (14)
Since the rank of a d× d antisymmetric matrix is at most 2d0 we have that
∧2
wk
=
∧2
for k ≥ d0. But for any k, pi maps
∧2
wk
onto Gwk , thus Gwk = G
′ for k ≥ d0. Now it is easy
to show that if (10) holds for w = wd0 , it also holds for w = wk for any k ≥ d0. Indeed, if
k ≥ d0, we have Nwk = Nwd0 ∗Nwk−d0 and, since we are assuming that Nwd0 (x) ≥ |G|2d0−1
for any x ∈ G′, if g ∈ G′,
Nwk(g) =
∑
y∈Gwk−d0
Nwd0 (gy
−1)Nwk−d0 (y) ≥ |G|2d0−1
∑
y∈Gwk−d0
Nwk−d0 (y)
= |G|2d0−1|G|2(k−d0) = |G|2k−1.
So in order to prove (10) for wk we can always assume that 1 ≤ k ≤ d0.
It is clear that if g ∈ G′ and pi(ω) = g, the solutions of wk(x1, . . . , x2k) = ω in V can be
lifted to solutions of wk(x1, . . . , x2k) = g in G and of course, all solutions of the equation
in G occur in this way, so
Nwk(g) = |Φ(G)|2k
∑
ω∈pi−1(g)
Nwk,V (ω)
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and (10) can be written now as
|Φ(G)|
∑
ω∈pi−1(g)
Nwk,V (ω) ≥ |G : Φ(G)|2k−1 = pd(2k−1) (15)
for g ∈ Gwk . Obviously only the ω’s in pi−1(g) ∩
∧2
wk
contribute to this sum and for
them we can use the estimation (14). Thus, since |G′| = pd(d−1)/2/|ker(pi)| ≤ |Φ(G)|, the
inequality
p
d(d−1)
2
+2k2−d(2k−1)|pi−1(g) ∩∧2wk | ≥ |ker(pi)| (16)
implies (15). If k = d0, |pi−1(g) ∩
∧2
wk
| = |pi−1(g)| = |ker(pi)| and (16) holds because the
exponent of p is positive (it is positive for any k). We conclude the following result.
Proposition 6.1. Let G be a d-generated p-group with Φ(G) ≤ Z(G). Then for any
k ≥ ⌊d/2⌋ and g ∈ G′, Nwk(g) ≥ |G|2k−1.
Another situation in which |pi−1(g)∩∧2wk | = |ker(pi)| is when pi is an isomorphism, so
we also have the following result.
Proposition 6.2. Let G be a d-generated p-group with Φ(G) ≤ Z(G) and |G′| = pd(d−1)/2.
Then for any k ≥ 1 and g ∈ Gwk , Nwk(g) ≥ |G|2k−1.
Notice that the last proposition applies in particular to the free p-groups of nilpotency
class 2 and exponent p and, in this case the inequality Nw(g) ≥ |G|k−1, g ∈ Gw, is in fact
true for any word w ∈ Fk. This is clear if w ∈ F ′k and otherwise we can suppose that
s1 = 0 in (4). But in this case all equations w = g have the same number of solutions,
namely, |G|2k−1.
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